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Abstract 



In this paper we consider the Bessel-Struve operator l a and the Bessel- 
Struve intertwining operator Xa and its dual, we define and study the 
Bessel-Struve Sonine transform S a ,p on £(R). We prove that S a> g is a 
transmutation operator from l a into Ig on £ (M) and we deduce similar 
result for its dual S 1 * g on £' (R). Furthermore, invoking Weyl integral 
transform and the Dual Sonine transform S a ,g on we get a 

relation between the Bessel-Struve transforms J-%e and J-n Q . 
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1 Introduction 

Among the formulae listed in Watson's classical monograph [9] there is the 
following one due to Sonine [6] 

where j Q is the normalized Bessel function 

j a (z) = 2T(a + 1)*- J (*) = r(a + 1) \ r( 1 Ik 

nil (n + a + 1) 

K.Trimeche introduced the Sonine integral transform, in [8], by 

This transform is related to the Bessel operator defined by 

d 2 u 2a + 1 f du \ 

where u designates an even function infinitely differentiable on R. 

In this paper, we consider the differential operator l a , a > — -, defined by 

l a u{x) = + 2a + 1 

dx z x 

with u an infinitely differentiable function on R. 

This operator is called Bessel-Struve operator. We remark that l a can be 
expressed in the following form 

V* G R*, = (M** 1 (u'(x) - u'(0))) (2) 

For A G C, the differential equation : 

= A 2 u 

u(0 ) = i,«-(o) = 



( du , x du ,„ . 

-Hz-— (0 , xGR (1) 
V ax dx J 
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possesses a unique solution denoted $ Q (A.) and called Bessel-Struve kernel. 
This kernel possesses the following integral representation : 

\/x Gi, VAe C, $ Q (Ax) = ^ (a + 1 | x Al - i 2 )""* e Xxt dt (3) 

y/-KT(a + 2) Jo 

$ Q can be expressed using normalized Bessel function j a and normalized 
Struve function h a by : 

$ a (x) = j a (ix) - i h a (ix) , x eR (4) 

where 

+ °° C_1 \ n ( 7 /O^n+l 

M«> = 2-r (Q + i),-^ W = r (o + 1) £ ^JzHlI.^ 

Therefore, the Bessel-Struve kernel can be extended to an analytic function 
on C and it has the form in a power series : 

+00 n 

*.W = E^. (5) 



?1=0 



y/¥n!r(f + o + l) 
where c n (a) = ; £ - — ; , -, - 

The outline of the content of the paper is as follows 
In section 2, we give some results about harmonic analysis associated to 
Bessel-Struve operator which we will use later. 
In section 3, we deal with Sonine transform defined by 

V* G R, S a Af)(x) = rj+i^a- fi) - r2 ) Q " /3 " 1 /M r^dr 

Firstly, we find that S a ^ verifies the following relation 
V/ G £(R), USajif)) = s a Ah(f)) 

Next, we prove that S a: p is an isomorphism from £(R) into it self. These 
two statements allows us to say that S a; p is a transmutation operator from 
l a into Ip on £(R). 

In section 4, we define the dual of S a ,p on £'(R) denoted S^p. We prove that 
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5**^ is a transmutation operator from lp into l a on £'(R). Furthermore, we 
consider the dual Sonine integral transform t S a ,p in the following sense 

/ S a ,p(g){x)f{x)\x\ 2a+1 dx = [ t S a ,p{f){x)g{x)\x\ 2p+1 dx 
Jr Jr 

We express t S a> p using Weyl integral transform associated to Bessel-Struve 
operator introduced by the authors in pQ and we find a relation between the 
Bessel-Struve transforms T% s and T% s on D(R) 

Similar results about Sonine transform have been obtained by K.Trimeche 
in [8] for the Bessel operator. Recently, Mourou in [3], jl] and Soltani in [7] 
obtain analogous results in the framework of Dunkl operator. 



2 Bessel-Struve intertwining operator and its 
dual 

S(M) designates the space of infinitely differentiable functions / on R, pro- 
vided with the topology defined by the semi norms 

p n , a (f)= SUp \f( k \x)\ 
0<k<n 
x£[—a,a] 

where a > and nGN. 

The Bessel-Struve intertwining operator on K denoted Xai introduced by L. 
Kamoun and M. Sifi in [2], is defined by : 

Xa (f)(x) = 2 ^ + ^l Al - ?)-if{xt) dt ,fe £(R), xeR (6) 

It verifies the following properties 
Let / be in £(R) 

X«(/)(0) = /(0) (7) 

[Xa(/)]'(0) = p£±V m (g) 

VAGI, $ a (A.) = X a(e x -) (9) 

We consider the differential operator — - = — . 

dx z 2x dx 
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Theorem 2.1 t % Theorem 1] The operator \a, ol > —\, is a topological 
isomorphism from S(M) onto itself. The inverse operator x" 1 is given for all 
f in S(R) by 



(i) ifa = r + k,keN,-±<r<l 

^(x 2 -t 2 )- r -^\t\ 2a+1 f{t)dt 

(ii) zfa = ± + k,keN 



Y - l f(x) = ^ x(—) k+1 



x^m = l^jy x {±)*» (x^f(x) ) , x e R 

Proposition 2.1 Proposition 1] \a is a transmutation operator from l a 
into D 2 on £(M). Namely Xa is an isomorphism from £(M) into itself and 
verifies 

l a °Xa = Xa° D 2 



Definition 2.1 We define the dual transform of Xa, denoted x* a , on £' 
by 

<xUT)J>=<T, Xa f>, Te£'(R), fe£(R) (10) 

Theorem 2.2 |7J Corrollary 3.1] x* a is an isomorphism from £'{R) into 
itself. 

We denote by L*(R) the space of measurable functions / verifying 

\f(t)\ \t\ 2a+1 dt < +oo 



Definition 2.2 For f G L^M.) with bounded support, we define the integral 
transform W a by 

W a f(y) = ^ { r( > / (x 2 - y 2 Y~\ x f(sgn(y)x) dx , t/Gt* (11) 
V7rr(a + fj J\ y \ 

W a is called Weyl integral transform associated to Bessel-Struve operator. 
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Remark 2.1 By a change of variable, W a f can be written 

W„/(y) = ^ \L \v\** 1 / (t 2 -ir-hf(ty)dt, y EM* (12) 

We designate by /C the space of functions / infinitely differentiable on 
M* with bounded support verifying for all n G N, 

lim y n f in \y) and lim y n f {n \y) 

y-*0 y—>-0 
y>0 y<0 

exist. 

Remark 2.2 From Lemma 3.1 of |IJ/ ; one can see t/iai ; if f belongs to 22(R) 
£/jen W a (f) belongs to /C . On the other hand, Proposition 3.2 of [1] says 
that W a is a bounded operator from L^M.) into L 1 { 



Proposition 2.2 Let f be a function in £(R) and g a function in L^M.) 
with bounded support, the operators Xa and W a are related by the following 
relation 

' Xa f{x)g{x)\x\ 2a+l dx = [ f{x)W a g{x)dx (13) 



Proof. By a change of variable, we have 
Xaf{x)g{x)\x\ 2a+1 dx = 

2IYa + l) r / rx 



-y 2 T l2 f(y)dy)xg(x)dx 



Using Chasles relation and applying Fubini's theorem, we obtain 
Xaf(x) g(x)\x\ 2a+1 dx = 

2T(a + 1) r+oc / r+ °° 
0Fr(a + \) 
2T(a + l) 



Finally, by a change of variable, we get 

Xaf{x) g{x)\x\ 2a+1 dx 
2T(a + 1) 



{x 2 - y 2 ) a 2xg{x)dxj f{y)dy 
(x 2 - y 2 ) a ~^xg(-x)dx ) f(y)dy 



oo 

(x 2 



, , , ,.. y 2 ) a *xg{{sign(y)x)dx) f(y)dy 
f(y) W a g(y)dy □ 
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Proposition 3.4 of pQ allows us to give the following definition 
Definition 2.3 We define the operator V a on /Co as follows 

(i) // a = k + |, k G N and f G /Co 

(ii) If a = k + r, fceN, -~ < r < | and / G /C, 



2 " ' " 2 """" J '"° 

fe+i 

dy 2 



Vaf(x) = d I (y 2 - x 2 ) r if ) (f)(sgn(x)y)ydy , a; G 



where c\ 



r(a + i)r(|-r) 

Proposition 2.3 For / m /Co, V^(/) belongs to and /ias a bounded 

support. 

Proof. If supp(f) is included in [—a, a] then it's clear that swpp(V^,) is 
included in [—a, a]. 

For a = k + |, we obtain from [TJ Lemma 3.2] 



92/c+lM „ 



fe+i 



(2fc + 



j=0 



Since / be in /C , we get |a;| 2fc+2 V^(/) G L 1 (IR) which proves that V a f belongs 
to Ll(R). 

For a = k + r, if x > 0, from [TJ Lemma 3.2] 

k+l r +oo 

2 _ Jwr-I 2k-l+i f (i), 



»_n «/a; 



i=0 

By a change of variables 

fc+i 



x 2a+ 



n. , i /•■+-00 

V Q /(x) = Cl $ +l / - iy r -h- 2k -\txyf^{tx)dt 

i=0 Jl 
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If x < 0, by a change of variables and using [U Lemma 3.2], we can write 

v a f(x) = Cl J2tf +1 f (y 2 -x 2 r r - l >y- 2k - 1+t f { Hy)dy 



i=0 

fe+1 



(t 2 -i)- r -h- 2fe - 1 (te)7 w (^)^ 

»=u 

Therefore, we see that lim \x\ 2a+1 V a f(x) exists from dominated convergence 

x— >0 
x>0 

theorem. Since V a f is with bounded support then V a f belongs to □ 

Proposition 2.4 JU, Remark 3.3] The operators V a and Xa 1 are related by 
the following relation 



V a f(x)g(x)\x\ 2a+1 dx = / f(x) X ~ 1 g(x)dx (14) 
for all f G JCo and g G £(R) 

Lemma 2.1 Let f be a function in /Co then W a (V a (f)) = f on R* 
Proof. Using Proposition 12.31 and relation fflBl . we get, for all g G £(R) 

W a (V r «(/))(a;)^(x)dx= / V a (f){x)xMx))\x\ 2a+l dx 



By relation (fl4l) . we deduce that 

W a (V a (f))(x) g(x) dx = I f(x) g(x) dx 



Therefore 

W a (V a (f))(x) = f(x) , a.e.xeR 

Since W a (V a (f)) and / are both continuous functions on R*, we get for all 
xeR\ W a (V a (f))(x) = f(x). ' □ 
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3 Sonine integral transform 

Throughout this section a and (3 are two real numbers verifying a > (5 > —— 
In the next Proposition, we establish an analogue of Sonine formula 

Proposition 3.1 We have the following relation 

$ a (As) = a M f \l-t 2 ) a -P- l <bp{\xt)t 2 P +1 dt 
Jo 

where 

2T(a + l) 



(15) 



r(/3 + i)r(a - /?) 

Proof. From relation flU), we have 



Jo 



n=0 



CnW) 



where 



i n ( a ,p) = f\i-t 2 y-p- l t 2f3+n+1 dt 

Jo 

\j\l-yT^- l y^dy 



2 



Then 



2I> + § + 1) 

Al - t 2 r-^ p {\ x t) t 2 ? +1 dt = r(a ~f )r(/ ^ +1) $ Q (A x) 
7o 2I> + 1) ° V ; 



□ 



Definition 3.1 Let f be a continuous function on M. VKe define the Sonine 
integral transform as in JE/ by, for all x eM 

= ^/^"t^ m /V - - 2 ) a - /3 "V(rx) r 2 ^dr (16) 



T(P + l)T(a - 0) J 
Remark 3.1 The following relation yields from relation fT5\) 
5 a , /j (^(A.))(x) = $ a (Ax), xeR 
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Proposition 3.2 For f bounded continuous function on R ; the function 
Sa,p{f) is continuous on R and we have 

||^(/)||oo< H/lloo (17) 

where ||/||oo = sup I/(a;)| 

Proof. The result follows from continuity's theorem and the fact that 

y 1 2T(a+l) 

□ 

Theorem 3.1 For f a function of class C 2 on WL, S at p(f) is a function of 
class C 2 on R and we have 

Vx G R, l a (S a , p (f))(x) = S Q AW))(x) (18) 

Proof. Using the theorem of derivation under the integral sign, we can prove 
that S at p(f) is of class C 2 on R and 

V* £ R, [BMW = /V " O^'/V) r ^ dr 

By making the change of variable t = rx, we get for all 

[SMYW - ls«Af)Y(o) = 

2V(a + l)sign{x)\x\- 2a - 1 f x ^ 2 _ ^ a _^,^ _ //(Q)] 



v(p + i)r( Q - p) J 

Next, invoking relation (j2]), we obtain by integration by parts 

[SaAf)m-[SaAfm = r( ^ ( " tna~7+ 1) jj x2 - t2 r-%(m) 

we derive the two sides of the equation above, we obtain by virtue of the 
theorem of derivation under the integral sign 

&*</)]'<*) = (2a+ r(jr + + i£-^+ "r 1 "^' /V-o-'ww 
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r(/? + i)r(«-/3) J 

Then 

la(S*Af))(x) = [SaAf))"^) + ^p L ([SaAf)V(x) ~ [^(/)]'(0)) 

2T(a + l)sign(x)\x\- 2a rx 



r(/3 + l)T{a - p) 
2I\a + l) r> 







, ,1 -VS" • %{f){xu)u^du 

T{/3 + l)T(a-f3) J 

= s a>p (hf)(x) □ 

Proposition 3.3 For all f in £(R) the function S 0} p(f) belongs to £(R). 
The operator S a ,p is continuous from £(R) into itself. 

Proof. We deduce the wanted result using the theorem of derivation and 
proposition 13.21 □ 

Remark 3.2 Let f be a function of class C 1 on R ; we have 

s*Af)(Q) = m (is) 
r(/3 + i)r( a + |)- 



[<*W/)]'(°) = ^T^TI' /'W (20) 



Theorem 3.2 The Sonine transform is a topological isomorphism from £ (R) 
into itself. Furthermore, it verifies 

Sa,p = Xa° Xp 1 (21) 

The inverse operator is 

S~i = XP o X* 1 (22) 

Proof. We denote 

P a ,p = S a ,p(f) -Xa° Xp 1 



Using theorem I3.1[ relation (J9J) and proposition I2.1[ we have 

laPccA®pi X -)) = S *,P °h° X/?(e A - L O Xa{e X -) 

= A 2 5 Qi/3 o X/3 (e A -)-A 2 x Q (e A -) 
= A 2 P ai/3 (<MA.)) 
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Furthermore, from relations (|7j) and ( 1191) . we deduce that 
and, from relations ([H]) and (12"UI) . we get 

From the uniqueness of the solution of the differential equation l a u = \ 2 u 
with the initial condition w(0) = u'(0) = 0, we obtain P Q , /3 ($ /3 (A .)) = 0. 
Thus the density of the family {$ a (A .)}a£R i n £(R) implies that for all 
/ 6 £(R), PaAf) = which proves the relation (jS)) □ 

Remark 3.3 By theorem \3.1\ and theorem \ 3.2\ we conclude that S ai p is a 
transmutation operator from l a into lp on £(R). 

4 The Dual Sonine transform 

Definition 4.1 Since l a is a bounded linear operator from £(R) into itself, 
we define, for T 6 £'(R), l a T the compactly supported distribution on R by 

<l a T,f> = <T,l a f>, fe£(R) 

Theorem 4.1 The dual transform 5**^ of S ai p defined on £'(R) by 

<SZ ifj T,f> = <T,S a>f) f>, feS(R) 

is an isomorphism of£'(R) into itself, satisfying the intertwining relation 

Ip(S^pT) = S^{l a T) , Te£'(R) (23) 

Proof. From theorem 13.21 we deduce by duality that S* p is an isomorphism 
from £'(JRL) into itself. Using theorem 13.11 we obtain 

< hSa,pT, f >=< S* a f3 l a T, f > 
which gives the wanted result. 

□ 
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Remark 4.1 From theorem \3.2\ we deduce that 

S* a ,p =(x^)*oXa (24) 
Definition 4.2 We define the Bessel-Struve transform on £'(R) &y 

VT G £'(R),VA G R, JF« S (T)(A) =<T,$ a (-zA.) > (25) 
Proposition 4.1 /i, Proposition 4-4] F° r a ^ T G £' (R) , 

F%A T ) = F°XUT) (26) 
where J 7 is the classical Fourier transform on S'(M). 
The Bessel-Struve translation operator is given by 

T a f(x) = Xa,aXa,x[Xa 1 (/)(« + x)] 

It is shown in [21 Proposition 4] that this translation operator is the unique 
solution C°° on R x R of the Cauchy problem 

^a,a^(^? XJ l a ^ x u{jX^ x) 

u(0,x) = f(x) where / G £(R) 

£U(0,z) =D/(x) 

This translation operator has the following properties 

(i) The operator r a is a linear continuous operator from £(R) into itself. 

(ii) V u G £(R), Va, a; G R, we have 

r a w(x) = r x w(a), r w(x) = u{x) 

Ta°T x = T x O T a , l a O T a = T a O l a 

(iii) The operator r a verifies the following type product formula 

Va,iGB, r a ($ a (A.))(a;) = <S> a {\x) 1> a {\a) (27) 

Definition 4.3 T/ie convolution product of two elements T and K in £'(R) 
zs defined by 

<T* a K,f>=<T a ,<K x ,T a f{x)», f G £(R) (28) 



14 



L. Kamoun and S. Negzaoui 



The convolution product * a satisfies the following property 
Proposition 4.2 Let T,K e S'(R) then 

F%A T ** K) = F% >S {T) ^ S (K) (29) 
Proof. From relations (125j) and (|28l) . we have 

J2 5 (T* Q tf)(A) =<T :E ,<^,r :E <l> a (Ay) » 
Invoking relations fl27|) and fl25j) . we obtain the desired result. □ 
Theorem 4.2 We have 

1. For allT e £'(R) 

PUT) = Hs(S* a ,?T) 

2. For allT,K eS'(R), 

S^(T* a K) = S^(T) * fi S^p(K) 



Proof. The first statement can be deduced from relations ( 1261) and (j2 
The second statement follows by applying T% s on both sides and using state- 
ment 1 and relation ( 129]) . □ 



Definition 4.4 For f continuous function on R, with compact support, we 
define the Dual Sonine transform denoted l S a ^ by 

»+oo 

to Jt\(n.\— n . I to? _ „2\<*-P-l a 



t S a ,p(f)(x) = a 0hP (y 2 -xT~"- L yf(sgn(x)y)dy, x ER* (30) 

J \x\ 

where a a> p is given in Proposition \3.1\ 

Remark 4.2 Invoking relations fiffl\) and ICTT}) . we get 

V^T(a + 1) 
T(f3 + l)T(a - p + \) 



'&,/»(/)(*) = —a o . U W a _ p _ h (f){x) , XER (31) 



Proposition 4.3 the Dual Sonine transform verifies the following relation 
for all f e X>(R) and g e S(R), 

[ S a ^g)(x)f(x)\x\ 2a+1 dx = [ t S a;P (f)(x)g(x)\x\^ +1 dx (32) 
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Proof. We obtain the result using relations ( 1161) and ( 1301) and Fubini's 
theorem. □ 

Theorem 4.3 For all f in 27(E), we have 

l S a M) = V p (W a (f)) (33) 

Proof. From relations Q32D, ([2T]) . (1T3]) and flUD we obtain for / in 27(E) and 
9 e £(E) 



t s a Af)(y)g(y)\y\ 2p+1 dy= / ^(Wa(/))(yMy)|y| 2/,+1 dy 

As the functions t S a ^(f ) and V^(W a (/)) are with compact support , then 

'SaAf) = V p {W a {f)) a.e 
Since both functions are continuous on E*, we get 

VxGR*, t S Q M)(x) = Vp(W a (f))(x) □ 
Definition 4.5 TTie Bessel-Struve transform is defined on L^(E) 6?/ 

VAgM, ^b,s(/)(A) = [ f(x)$ a (-i\x) \x\ 2a+1 dx (34) 

Proposition 4.4 Lei f be a function in 2vq(E) with bounded support, then 
we have 

F a B,sU) = ?°W a {f) (35) 
where J 7 is the classical Fourier transform defined on L 1 (M) by 

F{g){\) = [ g(x)e- lXx dx 
Jm. 

Proof. We proceed in similar way as proposition 3.2 in [1] 

□ 

Corollary 4.1 For all f G 27(E), we have the following decomposition: 

n s u) = rts ° ts *Af) 

Proof. Let / G 27(E) with support included in [—a, a]. Invoking relation 
(J3"T]) . we can see that t S a ^(f) is continuous function on R* with support 



included in [—a, a] and verifying lim/(a;) and lim f(x) exist. Then we 

x— >0 x—>0 
x<0 x>0 

deduce the result from relation (|35|) . theorem 14.31 and Lemma [2.11 □ 
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